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FREE NOTES - NCERT + JEE LEVEL

CLASS 12 - MATHS -

Three Dimensiona

Geometry

Direction cosines and ratios of a line, equation of a line

in vector and Cartesian form, angle between two lines,

and shortest distance between skew and parallel lines.
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Direction cosines & direction ratios

e If aline makes angles o, B, y with the x, y,zaxes:l=cosa,m=cosB,n=cosy,and P+ m?>+n?=1.
¢ Direction ratios a, b, c are proportional to |, m, n: | = a/v(a? + b? + ¢?), etc.
¢ Aline has two sets of DCs (I, m, n) and (-I, -m, -n).

Line through two points

DRsof PQ: X, — Xy, Yo — V1 Zo — Z4
DCs: (x, — x,)/PQ, (y, — y1)/PQ, (2, — 2,)/PQ
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Equation of aline

Given Vector form Cartesian form
Point a, parallel to b r=a+Ab x—x)/a=(y—-y)/b=(z—-1z)/c
Two points a, b r=a+AMb-a) xX=x)/x,=x) = =y)/(y,—y) =2z —-2)/(z,— z,)

Any general point on the line: (x, + al, y, + b\, z, + c\). Make sure x, y, z have coefficient 1 before reading DRs.

Angle between two lines

cos 0 = |a,a, + b,b, + c,c,| / (V(a,2+b,2+c,2) V(a,2+b,2+c,2))

Vector form: cos 6 = |byb,l/(bsllb,l). Perpendicular: a;a, + bib, + c,c, = O. Parallel: a./a, = by/b, = c4/c,.

() Skew lines

Lines in space that are neither parallel nor Lir = a,+ Ab,
intersecting (they lie in different planes). The _/p/_
shortest distance is along the common 1 to both lines

shortest distance d

perpendicular.

Loir=a,+ b,

Shortest distance between skew lines
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Shortest distance

d=|(b, X b,)-(a, —a,)| / |b, X by
For skew lines r = a; + Ab; and r = a, + Jb,. d = O = lines intersect.
d=[bx(a,—ay)|/ b

For parallel linesr = a; + Ab and r = a, + pb.

Formula sheet

DCs P+m2+n2=1

Line r=a+ Ab; (x—x,)/a = (y—y,)/b = (z—z,)/c
Angle cos 8 = [b;-b,|/(|by|[b,])

SD skew |(b,;xb,)-(a,—a,)|/|b;xb,|

SD parallel |bx(a,—a,)|/|b|
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JEE Extra + Tricks

JEE LEVEL

Shortest distance between skew lines r = a; + Ab,, r = a, + Wb, [(a, - a1)-(lby x by)I/lb, x b,|; parallel
lines: |(as - a,) x bl/Ibl.

Lines intersect iff shortest distance = O (coplanar and not parallel).

JEE planes: ax + by + cz + d = O; distance from point |ax, + by, + cz, + dl/¥(a? + b2 + c2); angle
between planes via normals.

Plane through intersection of two planes: P, + AP, = O; image of a point in a plane uses the same
ratio trick as 2D.

Liner =a+ Ab liesin plane rn =d iff bon =0 and a-:n = d.

Solved examples

Q1. DCs of a line making equal angles with the axes.

3=1=>1=m=n==1/V3.

Q2. Equation of the line through (5, 2, -4) parallel to 3i + 2] - 8k.
r=>50+ 2] - 4k + N(37 + 2] - 8Kk); (x - 5)/3 = (y - 2)/2 = (z + 4)/(-8).

Q3. Angle between (x + 3)/3=(y -1)/5=(z+ 3)/4and (x + )/1=(y - 4)[1=(z - 5)/2.
cos 8 =(3+5+8)/(¥V50 v6) = 16/(10v3) = 8V3/15.

Q4.SD betweenr=1+2j+k+AGi-J+k)andr=21-]-k+u2i+]+ 2k).
b, x b, = -3+ 0j + 3k, a, - a, =1 - 3] - 2k = |-3 - 61/(3v2) = 3/v2.
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Common mistakes

¢ Reading DRs from (2x - 1)/3 as 3 (rewrite as (x - ¥2)/(3/2)).
¢ Using the skew-line formula for parallel lines (b, x b, = 0).
e Forgetting the modulus in cos 6.

¢ Mixing up a (point) and b (direction) inr = a + Ab.

Practice questions

11f1=1/2, m=1/2, find n.

2. Are lines with DRs 1, 2, 3 and -2, -4, -6 parallel?

3. Find k if (x - 1)/(-3) = (y - 2)/(2k) = (z - 3)/2 and (x - 1)/(3k) = (y - 1)/1= (z - 6)/(-5) are perpendicular.
4. Equation of the line through origin and (5, -2, 3).

ANSWERS
1) +1/v2-2) Yes - 3) k = -10/7 - 4) x/5 = y/(-2) = z/3

Quick revision: 5 minutes before the exam

DIRECTION LINE

e P+rm2+n2=1 e r=a+Ab.

e DRs x DCs. e Coefficientof x,y,z=1.
ANGLE DISTANCE

o 1:2>a9=0. o Skew: [(bixb2)-(az-a1)l/Ibixbol.
e |: ratios equal. e d =0 = intersect.

Have a doubt? Ask the Al Doubt Solver at padhaiadda.netlify.app, or take the mock test on this chapter.
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